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INSPECTION GEOMETRIQU E DE S PIECES FLEXIBLES E N UTILISANT L A 
GEOMETRIE INTRINSEQU E 
Hassan, RADVAR-ESFAHLA N 
RESUME 
Le problem e d u tolerancemen t de s piece s mecanique s es t decisi f pou r I'industri e d e pointe . 
Ses incidence s economique s son t importante s pou r l e secteu r manufacturie r qu i subi t de s 
transformations profonde s imposee s pa r l a globalisation de s marches e t revolution constant e 
des technologies (CAO , CMM , 3 D Scanner , etc.) . U  es t admi t aujourd'hu i qu e I'optimisatio n 
des performance s de s produit s requier t l a pris e e n compt e de s variation s inherente s au x 
processus d e fabrication , d'o u l e control e d e l a qualit e a  traver s l e processu s d e 
developpement e t d e fabrication . Dan s l e ca s de s composante s dite s 'flexibles ' (o u no n 
rigides), pa r exempl e de s pieces mecanique a  parol mince s comm e l e revetement d'u n avio n 
ou d'un e auto , I'usag e industrie l actue l es t limit e encor e a  I'utilisatio n d e gabari t d e 
conformite, relativemen t couteux , qu i contraignen t l a geometri c d e l a piec e a  u n eta t qu i 
reflete 1'assemblage . Pa r l a suite , de s mesure s pa r contac t direct e o u pa r scanne r son t 
effectuees. C'es t ains i I'industri e elimin e I'effe t de s deformation s due s a  la  flexibilite  d e la 
piece pour tenter de detecter les defauts dus au procede de fabrication . 
Le proje t propos e a  pou r objecti f d e facilite r le s operation s d'inspectio n dimensionnell e e t 
geometrique des composante s flexibles a  partir d'un nuag e d e points , et ce , sans recours a  un 
gabarit o u de s operation s secondaire s d e conformation . Plu s specifiquement , nou s vison s l e 
developpement d'un e methodologi e qu i permettr a d e localise r e t d e quantifie r le s defaut s d e 
profil dan s le cas des coques minces typique des industries aerospatiale s e t automobiles . 
Pour arrive r a  ce t objectif , nou s metton s e n oeuvr e un e ide e qu e nou s appelon s Numerical 
Inspection Fixture.  Nou s utilison s le s distance s geodesique s pou r detecte r l a similarit e 
intrinseque entr e un e piec e a  I'eta t libr e qu i inclu s le s effet s d e gravite , de s contrainte s 
internes et des defauts d e fabrication , e t la meme piece telle que definie nominalemen t pa r un 
modele CAO . C e memoir e developp e l e fondemen t theoriqu e d e cett e method e e t le s 
algorithmes qu' y son t relies . Nous employon s un e approche , dej a employ e dan s l e domain e 
de I'imageri e medicale , pou r identifie r le s distance s geodesique s minimale s (geometri c 
metrique), le s statistique s {Multidimensional  Scaling  -  MDS) pou r analyse r le s similarite s e t 
dissimilarites entr e deux objets , ainsi que la methode d'elements finis  (FE ) pour abouti r a une 
approche generat e e t origina l pou r I'inspectio n d e piece s geometrique s no n rigides.  Deu x 
methodes y sont proposees avec des validations numeriques . 
Mots-cles: Inspectio n geometrique ; pieces flexibles;  geometri c intrinseque ; distanc e 
geodesique; fas t marchin g method ; multidimensional scaling . 
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ABSTRACT 
The tolerancin g o f mechanica l part s i s on e o f th e majo r problem s i n mode m industry . It s 
economic consequence s ar e importan t t o th e manufacturin g secto r whic h sustain s majo r 
transformations impose d b y market globalizatio n an d technology evolutio n (CAD , CMM, 3D 
Scanners, e tc . ) . Today , w e kno w tha t produc t performanc e optimizatio n require s a 
consideration o f th e inheren t variation s i n manufacturin g processes , henc e qualit y contro l 
throughout th e developmen t proces s an d manufacturing . Currently , th e geometri c inspectio n 
oiflexible (o r nonrigid)  mechanica l parts , such as thin-walled skin s o f airplane o r car bodie s 
is stil l limite d t o th e us e o f relativel y expensiv e specia l inspection  fixtures,  whic h simulat e 
the us e state , applying th e sam e constraint s tha t reflec t assembl y information . Subsequently , 
contact measurin g o r scannin g i s performed . Simulatin g thi s us e stat e mean s that , 
deformation effect s du e t o flexibility  ar e eliminated . I n thi s way , defect s i n th e 
manufacturing proces s are detectable . 
The goa l o f thi s thesi s i s to facilitat e th e dimensiona l an d geometrica l inspectio n o f flexible 
components fro m a  poin t clou d withou t usin g a  jig o r secondar y conformatio n operation . 
More specifically , w e ai m t o develo p a  methodolog y t o localiz e an d quantif y th e profil e 
defects i n the case of thin shells which are typical to the aerospace an d automotive industries . 
To thi s end , w e implemente d a n ide a tha t w e cal l Numerical  Inspection  Fixtures.  W e us e 
geodesic distance s t o detec t th e intrinsi c similaritie s betwee n a  par t i n a  fre e stat e whic h 
includes th e effect s o f gravity , intema l constraint s an d manufacturin g defects , an d th e sam e 
part as nominally define d b y a  CAD model . This thesis develops the theoretical foundatio n o f 
the proposed method s an d relate d algorithms . W e used a n approach alread y use d i n medica l 
image processin g t o identif y minimu m geodesi c distanc e an d statistic s (Multidimensiona l 
Scaling) t o analyz e th e similaritie s an d dissimilaritie s betwee n tw o objects , a s wel l a s th e 
finite elemen t metho d t o reac h a  genera l approac h fo r th e inspectio n o f nonrigi d parts . Tw o 
methods are proposed wit h numerical validations . 
Keywords: Geometri c inspection ; compliant part ; intrinsic geometry; geodesi c distance; fas t 
marching method; multidimensional scaling . 
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INTRODUCTION 
It i s clea r tha t produc t qualit y contro l i s essentia l t o compan y surviva l i n a  competitiv e 
market. I n general , th e us e o f computer-aided  inspection  (CAI ) i s foun d t o b e les s well -
developed tha n eithe r tha t o f computer-aide d desig n (CAD ) o r computer-aide d manufactur e 
(CAM). Wit h CAI , ra w dat a fro m a  3 D scanne r o r CM M ca n b e compare d t o th e origina l 
CAD desig n t o generat e impressiv e inspectio n reports . Topographica l colo r map s highligh t 
deviations betwee n th e actua l par t an d th e desig n model , clearl y indicatin g toleranc e 
conditions wit h fa r mor e clarit y tha n traditiona l CM M (coordinat e measurin g machine ) 
reports. 
Figure 01 Lase r scannin g 
{Turbine blade,  taken  from Laser  Design  Inc.) 
Figure 02 Registratio n proces s 
{Taken from Laser  Design  Inc.y 
Coordinate syste m Registration  i s required sinc e measure d dat a (poin t clouds ) an d th e CA D 
model ar e not i n the sam e coordinate system . Fo r nonrigid materials . Inspection Fixtures  ar e 
widely used to hold and suppor t the parts for the simulation o f use state . Typical examples o f 
such part s are : shee t meta l panels , windshields , etc . Generally , fo r th e geometri c inspectio n 
of such flexible  parts , inspection fixtures,  i n combination wit h coordinate measurin g systems,^ 
(CMM) are used . 
' http://www.laserdesign.co m 
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The ai m o f thi s thesi s i s t o develo p a  genera l procedur e t o eliminat e th e us e o f inspectio n 
fixtures. Three-dimensiona l optica l digitizin g system s ar e suitabl e fo r th e measuremen t o f 
large-sized flexible  part s becaus e the y allo w non-contac t measuremen t an d ar e abl e t o 
deliver, i n a  relativel y shor t time , larg e cloud s o f point s tha t ar e representativ e o f objec t 
surfaces. 
Figure 03 Inspectio n fixture 
{Daimler AG)^ 
The part i s setup on a  portable 3 D optical digitizin g syste m which i s installed i n a production 
line regardles s o f datu m show n i n engineerin g drawings . Du e t o weight , an d o f cours e 
supports, par t deformation s occur . A n identificatio n metho d mus t b e define d i n orde r t o 
extract geometrica l deviation s du e t o manufacturin g defect s only . Th e geometr y o f flexible 
parts may vary according t o their own weight and the location o f supports, so it is essential t o 
detail the ideas around th e geometry an d inspection of flexible  parts . 
http://www.daimIer.coin/ 
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In man y cases , i t i s possibl e t o associat e specifi c products , materials , an d manufacturin g 
processes wit h particula r type s o f seeabl e surfac e defects . Fo r instance , injection-moulde d 
components ma y ten d t o presen t undesire d sink . Similarly , cutting , grinding , an d polishin g 
operations ma y produc e characteristi c surfac e markings , includin g a n altere d textur e an d 
excessive burr s due to tool wea r o r the inclusion o f foreign abrasiv e materials . I t is importan t 
to appreciate that i n each case , in addition to possible surface discoloration , these defects ten d 
to induc e a  deviatio n i n th e component' s surfac e shap e awa y fro m it s nomina l form . Th e 
nature o f this deviation , o r thi s type o f expected defect , i s often somewha t predictable . If , i n 
addition, a  causa l mechanis m ca n b e identified , the n a  quantitative analysi s o f suc h defect s 
may b e use d a s a  basis fo r automati c proces s control . These surfac e defect s ca n no t only b e 
recognized wit h machine  vision  technologies , bu t ca n als o b e classifie d wit h pattern 
recognition methods . This thesis does not speak to these methods. 
The remainde r o f thi s thesi s present s a  theor y an d metho d fo r th e geometri c inspectio n o f 
nonrigid parts . Chapte r 1  gives a  comprehensiv e literatur e revie w o f th e necessar y fields. 
Chapter 2  give s theoretica l foundation s i n metri c an d discret e geometry , a s wel l a s fas t 
marching method s an d multidimensiona l scaling . I n Chapte r 3 , materia l i s compile d an d w e 
present a  methodolog y t o measur e th e geometri c deviatio n o f nonrigi d bodies . Chapte r 4 
gives verification t o these methods and sample problems . 
CHAPTER 1 
REVIEW O F PREVIOUS RESEARC H 
1.1 Geometri c inspectio n o f flexible  part s 
Traditional toleranc e analysi s methods , suc h a s Root  Sum  Square  method  an d Monte  Carlo 
simulation (Crevelin g (1997)) , ar e no t applicabl e t o complian t part s suc h a s shee t meta l 
assemblies becaus e o f possible par t deformations durin g th e assembl y process . Over the pas t 
years, differen t method s hav e bee n presente d t o predic t dimensiona l variatio n o n flexible 
parts, especiall y o n shee t meta l assemblies . Mos t o f th e method s ar e base d o n th e Finite 
Element Method.  Li u an d H u (1997 ) presente d a  mode l t o analyz e th e effec t o f componen t 
deviations and assembly spring-bac k o n assembly variatio n b y applying linea r mechanics and 
statistics. Usin g FEM , the y constructe d a  sensitivit y matri x fo r complian t part s o f comple x 
shapes. Th e sensitivit y matri x establishe d a  linea r relationshi p betwee n th e incomin g par t 
deviation an d th e outpu t assembl y deviation . Chan g an d Gossar d (1997 ) presente d th e 
transformation vector s t o describ e variatio n an d displacemen t o f features . The y modele d th e 
parts and tooling a s groups o f features . Th e method represente d th e interaction betwee n part s 
and tooling by contac t chains . A contact modeling algorithm implemente d int o the Method o f 
Influence Coefficien t t o prevent penetration s betwee n part s has been presented b y Dahlstro m 
and Lindkvis t (2007) . 
Non-contact 3 D digitizin g system s expose d a  ne w horizo n i n geometri c inspectio n o f bot h 
rigid an d nonrigi d parts , becaus e the y delive r muc h mor e dat a tha n mechanica l probes , i n a 
shorter time . Weckenman n an d Gabbi a (2005 ) propose d a  measurin g metho d usin g virtua l 
distortion compensation . Fring e projectio n system s ar e suitabl e fo r th e fas t an d contac t fre e 
measurement o f parts without clamping . They used the measurement resul t to extract feature s 
of th e objec t lik e hole s o r edges . Som e o f thes e wer e relevan t fo r th e assembl y process ; 
others wer e subjec t t o furthe r inspection . Fro m th e informatio n abou t th e transformatio n o f 
the assembl y feature s fro m thei r actua l t o thei r nomina l position , virtua l distortio n 
compensation wa s use d t o calculat e featur e parameter s o f th e distortio n compensate d shape . 
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Their metho d wa s no t completel y automate d becaus e th e suggeste d metho d neede d som e 
human challenge s t o identif y th e correlatio n betwee n som e specia l point s lik e hole s an d 
assembly joint positions . These le d the controlle r to find  the boundary  conditions  o f the FE M 
problem. Besides , transformin g th e poin t clou d t o a  compute r aide d analyzabl e mode l i s a 
very time-consumin g process . I t seem s tha t thi s metho d i s no t suitabl e fo r reall y flexible 
parts becaus e the y hav e no t considere d th e effec t o f gravit y an d th e 3 D situatio n whic h th e 
part has scarmed . 
The concep t o f th e Small  Displacement  Torsor  (SDT ) ha s bee n develope d b y Bourde t an d 
Clement (1976 ) to solve the general problem o f the fit  of a geometrical surfac e mode l to a set 
of points using rigid bod y movements . Lartigue , Thiebaut e t al . (2006) too k advantag e o f the 
possibilities offere d b y voxe l representatio n an d SD T methods fo r dimensiona l metrolog y o f 
flexible parts . Thi s time , the y considere d th e effec t o f gravit y an d spatia l situatio n o f a 
scanned part . Thi s metho d i s fundamentall y base d o n findin g th e correlatio n betwee n th e 
cloud o f al l measure d point s an d CA D meshe d data . I n fact , th e SD T i s mor e suitabl e fo r a 
small deformation . Mor e accurat e result s ca n eve n b e achieve d i f one consider s th e effec t o f 
material flexibility. 
Abenhaim, Taha n e t al . (2009 ) develope d iterative  displacement  inspection  (IDI ) whic h 
smoothly deforme d th e CA D mes h dat a unti l matche d t o th e rang e data . Thei r metho d wa s 
based o n optima l ste p nonrigi d IC P algorithm s (Amberg , Romdhan i e t al . (2007)) . Th e 
proposed ID I metho d wa s ful l o f limitations . Thei r metho d wa s no t teste d i n non-continuou s 
areas suc h a s holes , an d th e poin t clou d neede d t o b e dens e enoug h becaus e th e method' s 
similarity measur e wa s only based o n the neares t distanc e calculation . Th e majo r flaw  o f this 
method wa s hidde n i n th e fac t tha t i t strongl y depende d o n findin g som e trial s an d prio r 
flexibility parameter s whic h coul d var y dependin g o n thickness . Furthermore , th e metho d 
supposes tha t th e boundar y o f measured part s i s without defec t s o the metho d i s not suitabl e 
in th e cas e o f shrinkage . Th e mentione d drawback s caus e th e ID I t o b e ineffectiv e i n rea l 
engineering applications . 
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Including part  compliance  wit h intrinsic  geometry  of  surface  i n metrolog y o f free-for m 
surfaces, i s an area of research pioneered i n this thesis. 
1.2 Rigi d an d nonrigi d surfac e registratio n 
Parallel t o mechanica l engineer s bu t i n differen t fields  lik e Computer  science.  Biomedical 
engineering an d Pattern  recognition,  ton s o f researc h ha s bee n don e o n Rigi d an d Nonrigi d 
Registration an d deformabl e surfac e compariso n domains . Bes l an d McKa y (1992 ) 
developed a n iterativ e metho d fo r th e rigi d registratio n o f 3 D shapes . Th e ide a behin d th e 
iterative closes t poin t (ICP ) algorithm s i s simple : give n tw o surfaces , Xand Y,  find the rigi d 
transformation (R,  t),  s o tha t th e transformed surfac e Y'=  RY  +  /  is as 'close ' a s possible t o 
X. 'Closeness ' i s expressed i n terms o f some surface-to-surfac e distanc e d  (RY  +  / , X). Mor e 
precisely, IC P can be formulated a s a minimization problem : 
d ,cp(X. Y)  = min «,, d{RY +t,X)  (1.1 ) 
This algorith m differ s i n th e choic e o f th e surface-to-surfac e distanc e d  fY'  X)  an d th e 
numerical metho d fo r solvin g th e minimizatio n problem . Th e IC P algorith m i s on e o f th e 
common technique s fo r refinemen t o f partia l 3 D surface s (o r models ) an d man y varian t 
techniques have been investigated . However , searchin g the closes t poin t i n the ICP algorith m 
is a  computationall y expensiv e task . I n orde r t o accelerat e th e spee d o f closes t poin t 
searching, some search techniques are commonly employed . Many variant s of ICP have bee n 
proposed, affectin g al l phases o f the algorithm -  from th e selection an d matching o f points, to 
the minimizatio n strategy . Th e correspondenc e betwee n point s i s usuall y performe d b y a 
nearest-neighbour searc h usin g a  k-d tree structur e fo r optimizatio n (Bentle y (1975)) . The k -
d tre e i s a  spatia l dat a structur e originall y propose d t o allo w efficien t searc h o n orthogona l 
range querie s an d neares t neighbou r querie s (Bentle y (1975)) . Greenspa n an d Godi n (2001 ) 
proposed a  significan t improvemen t i n th e neares t neighbou r querie s b y usin g 
correspondences o f previou s iteration s o f th e IC P an d searchin g onl y i n thei r smal l 
neighbourhood t o updat e th e correspondences . Anothe r importan t strateg y t o spee d u p th e 
registration proces s use s samplin g technique s t o reduc e th e numbe r o f point s i n th e view s 
(Rusinkiewicz an d Levo y (2001)) . 
Myronenko, Son g e t al . (2007 ) introduce d a  probabilisti c metho d fo r rigid , affine , an d 
nonrigid poin t se t registration , calle d th e Coherent  Point  Drift  algorithm.  The y considere d 
the alignmen t o f tw o poin t set s a s th e probabilit y densit y estimation , wher e on e poin t se t 
represents th e Gaussia n Mixtur e Mode l centroid , an d th e othe r represent s th e dat a point . 
They iterativel y fitte d th e GM M centroid s b y maximizin g th e likelihoo d an d foun d th e 
posterior probabilitie s o f centroids , whic h provid e th e correspondenc e probability . Th e 
method base d o n forcin g th e GM M centroid s t o mov e coherentl y a s a  group , preserve d th e 
topological structur e o f the point sets . 
Schwartz, Sha w e t al . (1989 ) wer e th e first  tha t use d Multidimensional  Scaling  (MDS ) 
methods t o flatten  th e curve d convolute d surface s o f th e brai n i n orde r t o stud y functiona l 
architectures an d th e neura l map s embedde d i n them . Fo r some , thei r wor k wa s a 
breakthrough i n which surface geometr y wa s translated int o a  plane. But the plane restrictio n 
introduced deformation s tha t actuall y prevente d th e proper matchin g o f convolute d surfaces . 
This problem can be solved i f higher dimensions of the embedding spac e are considered . 
The Fast  marching  method  wa s introduce d b y Sethia n (1996 ) a s a  computationally efficien t 
solution t o Eikonal  equations  o n flat  domains . A  related metho d wa s presente d b y Tsitsikli s 
(1995). Th e fas t marchin g metho d wa s extende d t o triangulate d surface s b y Kimme l an d 
Sethian (1998) . The extende d metho d solve d Eikona l equation s o n flat  rectangula r o r curve d 
triangulated domains . 
Elbaz and Kimme l (2003 ) presented a  blend o f topology an d statistica l methods , to introduc e 
the concept of  Invariant  signature  fo r surfaces . Thei r metho d wa s based o n fas t marchin g o n 
triangulated domai n algorith m followe d b y MD S technique . The y hav e practicall y 
transformed th e proble m o f matchin g isometric-nonrigi d surface s int o th e proble m o f 
matching o f rigid surfaces . Usin g MDS, they embedded surface s X  and Y  into some commo n 
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embedding spac e Z  calle d Canonical  form  an d the n measure d th e similaritie s usin g th e 
Hausdorff' distance.  Thei r metho d i s strongl y base d o n th e Kimme l an d Sethia n (1998 ) 
method i n computing the geodesic distance on triangular meshes . 
Memoli an d Sapir o (2005 ) propose d a  computationa l framewor k fo r comparin g sub -
manifolds give n a s poin t clouds . The y considere d permutation  distance  {dp)  th e 
approximation o f th e Gromov-Hausdorff  {dan)  distanc e whic h ha s bee n embedde d i n a 
probabilistic framework , dp  ca n b e considere d a s a  particula r discret e cas e o f Gromov -
Hausdorff distanc e .Thei r ide a wa s base d o n selectin g sub-sampling s o f th e give n poin t 
clouds, the distance between whic h could be related to the Gromov-Hausdorff distance . 
In fact , Euclidea n embeddin g i s rarely withou t distortion . Co x (2000 ) showe d ho w points o f 
a configuratio n fro m a  non-metri c MD S ca n b e force d t o li e o n th e surfac e o f a  sphere . 
Replacing the Euclidean geometr y o f the embedding spac e with a  spherical on e usually give s 
smaller metric distortion bu t this distortion i s stil l no t zero . Bronstein, Bronstei n e t al . (2006) 
proposed a  method. Instea d o f embedding X  and Y into some common embeddin g spac e that 
introduced inevitabl e distortions , they embedde d X  directly int o Y . I n spit e o f the Elba z an d 
Kimmel (2003 ) method , the y di d no t use canonical form s anymor e an d the distance betwee n 
two surfaces wa s obtained fro m th e solution of the embedding problem itsel f 
CHAPTER 2 
THEORETICAL FOUNDATION S 
In this chapter, we introduce theoretica l foundation s tha t wil l allo w u s to formulate propertie s 
of nonrigid shapes . 
2.1 Metri c space s 
Definition 1 : Le t X be a n arbitrar y set . A  functio n J  :  X x X - > M u {co } i s a  metri c o n X i f 
the following condition s are satisfied fo r al l x,y,z&X  . 
(I) Positiveness:  d{x,y)  >  0 if  x  it  y an d d{x,x)  =  0. 
{2) Symmetry: d{x,y)  =  d{y,x). 
(3) Triangle  inequality:  d{x,z)<d{x,y)  +  d{y,z). 
A metric  space  i s a  se t wit h a  metric o n it . I n a  formal language , a  metric spac e i s a pair (X, 
d) wher e d  i s a  metri c o n X.  Element s o f X ar e calle d points  o f th e metri c space ; d{x,  y) i s 
referred t o as the distance betwee n point s x and y. 
Unless differen t metric s o n the sam e se t X ar e considered , w e wil l omi t a n explici t referenc e 
to the metric and write "a metric space X' instea d o f "a metric space {X, d)." 
Definition 2 : Let X an d Y  be metric space s with metrics dx  and dy.  A map f:  X-^  T  is called 
distance preserving  i f fo r an y a,b  EX  on e ha s d{f{a),f{b))  =  dX{a,b). Suc h a  bijectiv e 
distance preservin g ma p i s calle d a n isometry,  an d tw o metri c space s relate d b y suc h a  ma p 
are referred t o as isometric . 
Definition 3 : Let Xand Th e metri c space s an d / : X—> Yan  arbitrar y map . The distortion  o f 
/ i s defined by : 
dis f ^  sup\dy{f  {a),  f{b))-d,.{a,b)\ (2.1 ) 
a.heX 
The distanc e dx{a,b)  betwee n a  pai r o f point s i n X  i s mappe d t o th e distanc e dy  {A<^),Ab)) 
between the images of a an d Z) under/ 
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Definition 4 : Le t X be a  length space . A curve y  -.1 ^- X  i s called a  geodesic if for ever y 
/ G /  there exists an interval /containing a neighbourhood o f / in / such that f|^ i s a shortest 
path. I n othe r words , a  geodesi c i s a  curv e whic h i s locall y a  distanc e minimize r (i.e . a 
shortest path). 
Definition 5 : Le t A  an d B  b e subset s o f a  metri c spac e {Z,dz)-  The Hausdorff  distance 
between A and B, denoted by dn {A, B), is defined by : 
d^{A,B) =  maxlsupdy{a,B),supd^{b,A)} (2.2 ) 
{ aeA  '  heB  '  J 
Definition 6 : Gromov-Hausdorff  distance betwee n two metri c space s {X, dx)  and {Y, dy)  is 
defined as: 
d^,{X,Y) =  {r^{d,{X,Y)] (2.3 ) 
where the infimum i s taken over all (semi-)metrics on X  u 7  extending the ones of X and Y. 
dcH satisfies the triangle inequality, i.e. , 
d,,„ {X, ,X,)< d,,,  (X, ,X,) +  d,., {X,, X,) (2.4 ) 
for an y metri c space s X | ,  X2 , X3. Moreover den  {X,  7) =  0  i f an d onl y i f X  and Y  are 
isometric. 
Definition 7 : Let 5R be a correspondence between metric spaces X and Y. The distortion of 5R 
is defined by: 
disS{ = sup{\d,{x,x')-dy{y,y')\:{x,y),{x\y)em} (2.5 ) 
For any two metric spaces X and Y, 
d,.„{X,Y) =  Unf{d\sm) (2.6 ) 
where the infimum i s taken over all correspondences 9? between X and Y . 
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2.2 Poin t cloud technique s 
A poin t clou d i s a  se t o f vertice s i n a  three-dimensiona l coordinat e syste m create d b y 3 D 
scanners. Poin t cloud s themselve s ar e generall y no t directl y usabl e i n mos t 3 D applications , 
and therefore ar e usually converte d triangl e mes h models , NURBS models , o r CAD models . 
Numerical geometry  i s th e branc h o f compute r scienc e tha t studie s algorithm s an d dat a 
structures for problems stated i n terms of geometrical objects . 
2.2.1 Smoothin g o f noisy dat a 
There ar e tw o type s o f digita l measuremen t techniques : contac t measuremen t usin g a 
coordinate measurin g machin e (CMM) , an d noncontac t measurement , suc h a s lase r an d 
optical scarming . Non-contac t measurin g method s ar e o f a  significantl y highe r spee d an d 
have bee n widel y used . Unfortunately , som e o f the point clou d dat a obtained b y non-contac t 
approach d o no t reflec t th e righ t locatio n o n the rea l surfac e du e t o physica l nois e adde d b y 
the technica l scannin g device . I t is necessary t o smoot h poin t clou d dat a i n the inspectio n o f 
free-form surfaces , becaus e nois y point s wil l hav e a  negativ e influenc e o n th e post -
processing o f thi s data . Th e bi g proble m i n smoothin g poin t clou d dat a i s ho w t o solv e th e 
dilemma between removin g nois y point s while preserving the underlying sample d surface , i n 
particular it s fine  features . Denoisin g th e range d dat a ca n b e applie d eithe r befor e o r afte r 
mesh generation . Th e advantag e o f denoisin g th e mes h rathe r tha n a  poin t clou d i s tha t th e 
connectivity informatio n implicitl y define s th e surfac e topolog y an d serve s a s a  tool fo r fas t 
access t o neighbourin g samples . I t i s eviden t tha t th e nois e i n rang e dat a wil l affec t th e 
proposed methods , bu t stud y o f these effect s a s well  a s the divers e smoothin g method s ma y 
be the subject o f fiiture research . I n this thesis we will deal with noiseles s data . 
2.2.2 Poin t cloud samplin g 
Imagine tha t w e wer e t o establis h a  number o f TV / radi o station s al l ove r Quebec . O n on e 
hand, th e station s woul d hav e t o b e place d sufficientl y densel y t o provid e goo d coverag e o f 
the territory . O n th e othe r hand , th e installatio n o f eac h statio n cost s million s o f dollars . 
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Therefore, w e ar e intereste d i n havin g th e networ k a s spars e a s possible . Sampling  i s one o f 
the mos t basi c problem s i n discret e surfac e representation . O n on e hand , i n orde r t o bette r 
represent th e underlyin g surface , w e prefer th e samplin g t o be a s densely a s possible, and o n 
the othe r hand , w e nee d t o keep i n mind tha t the discret e representatio n i s used b y compute r 
algorithms, and every additiona l poin t increase s storage and computationa l complexit y costs . 
Let's continu e wit h ou r TV / radi o statio n problem . W e star t b y placing th e first  statio n a t a 
point xi . The second statio n should be placed as far as possible fro m th e first  one: 
Xj = arg max d  ^{x, x,) 
xsX 
The third station wil l be placed a t the maximum distance from x i an d X2, i.e., 




and s o on . Th e describe d algorith m i s well  know n a s th e farthest  point  sampling  (FPS ) 
algorithm an d summarize d below : 
Initialization :  X'= {x / x/eXf ,  d{x) = dx{x, x;). 
Determine sampling  radius 
r =  max d  ^(x, X ') 
xeX 
If r<r  target  ^tOp. 
Find the farthest poin t from X' 
X' = arg max d  ^(x, X ') 
•ireX 
a d d X  ' to X' -'• " " - - " •""" ' -^" » 
Algorithm 1  Farthes t poin t sampling algorithm . 
In ou r exampl e w e ca n approximat e dx  (x/ , XT)  a s Euclidea n distance ; thi s convey s th e 
extrinsic geometr y o f th e surface . However , becaus e a  surfac e i s als o characterize d b y a n 
intrinsic geometr y suc h a  discretization , i t i s incomplet e unti l th e lengt h an d th e metri c 
structures ar e als o discretized . I n other words , we shoul d approximat e th e intrinsi c geometr y 
of our surface. Thi s will be discussed in upcoming sections . 
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2.2.3 Fas t marching method 
In this section we are going to compute the geodesic distance in a discretized surface. This is 
extremely importan t t o approximat e th e intrinsi c geometr y o f ou r surface . I f ou r sample d 
domain i s dens e enough , on e ide a i s to approximat e th e geodesi c distanc e betwee n point s 
with th e famou s Dijkstra's  shortest  path algorithm  (Dijkstra (1959)) . I n fact , th e shortes t 
path computed b y Dijkstra' s algorith m doe s not alway s lea d to the real shortes t path . This 
inconsistency i s due to the fact tha t we are allowed to move in the graph only parallel to the 
axes. 
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Figure 2.1 Shortes t paths computed by Dijkstra's algorithm. 
As show n i n Figur e 2.1 , the shortes t path s compute d b y Dijkstra' s algorith m (soli d blac k 
lines), between A and B never converge to the true shortes t path (dashed line) . This implies 
using anothe r algorithm , withou t bein g restricte d t o th e edges . Suc h algorithms , calle d th e 
fast marching  method, wer e introduced by Sethian (1996). Sethian's fast marching method is 
a numerica l algorith m fo r solvin g th e Eikonal  equation on a  rectangular orthogona l mesh . 
Later on , Kimme l an d Sethia n (1998 ) extende d th e fas t marchin g metho d t o triangulate d 
domains with the same computational complexity. Here, we focus on the latter algorithm. 
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Consider a  boundary , eithe r a  curv e i n tw o dimension s o r a  surfac e i n thre e dimensions , 
separating on e regio n fro m another . Imagin e tha t thi s curve/surfac e move s i n a  directio n 
normal t o itsel f (wher e th e norma l directio n i s oriente d wit h respec t t o a n insid e an d a n 
outside) wit h a  know n speed  function  F.  Give n F  an d th e positio n o f a n interface , th e 
objective i s to track the evolution o f the interface . Assum e fo r th e momen t tha t F> 0 , henc e 
the front alway s moves outward.  On e way to characterize the position o f this expanding fi-ont 









Figure 2.2 Calculatio n o f crossing time at (x, y) for expanding front F  > 0. 
The equatio n fo r thi s arriva l functio n T(x , y ) i s easil y derived . I n on e dimension , usin g th e 
fact tha t distance =  rate *  time (se e Fig 2.3), we have the following : 
.dT 




Figure 2.3 Setu p for boundary value formulation. 
In multipl e dimensions , VT  i s orthogona l t o th e leve l set s o f T,  and, simila r t o th e one -
dimensional case, its magnitude is inversely proportional to the speed. Hence: 
|vr|F = L r  = Oonr (2.10) 
where F \s the initia l location of the interface. Thus , the front motio n i s characterized a s the 
solution t o a  boundar y valu e problem . I f th e spee d F  depend s onl y o n position , the n th e 
equation reduce s t o wha t i s know n a s th e Eikonal  equation.  So ou r goa l i s t o construc t 
algorithms t o solv e th e Eikona l equation . Th e followin g approximatio n o f th e gradien t 










The standard method s for the boundary valu e view require iteration . Sethia n described Fast 
Marching Methods, which allow one to solve the boundary value problem withou t iteration . 
Technically, i t i s a  dynami c programmin g sequentia l estimatio n method , ver y simila r t o 
Dijkstra's algorithm . Fas t marchin g keep s fo r eac h poin t x  on the mesh th e time o f arriva l 
d{x) of the wave front originatin g in XQ (Figure 2.4). We can freely switc h between the path 
length and arrival time. The initial approximation ofd{x) is , like in Dijkstra's algorithm, zero 
at x o an d infinit y elsewhere . Th e algorith m classifie s th e point s o f th e mes h int o thre e 
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categories: Alive,  Close  an d Far.  Th e Fas t Marchin g Metho d algorith m i s a s follows : first, 
tag points i n the initia l condition s a s Alive. The n ta g as Close  al l point s on e gri d poin t away . 
Finally, al l other grid points are tagged a s Far. 
d{xo) =  0, mark i t as alive. 
Initialize :  •(  d{x)  = oo, for othe r points and mark them as  far. 
queue of close  point s Q  = 0. 
•• Mark/a r neighbor s of alive  points as close {add  to Q) 
• • Fo r each close poin t x  •»••-" • .~...~~..-.i»i.~i~«~~«~i.- ™ 
• Fo r each triangle sharin g the point x 
» Update X  from th e triangle 
• Mar k x  wit h minimum valu e of d  a s alive (remov e fro m Q) 
• Sto p when all points become  far. ~-.™ -
• Retur n distance map d{x)  ~ dx{xo, x) 
Algorithm 2  Fas t marchin g algorithm . 
The mai n differenc e wit h Dijkstra' s algorith m i s hidden unde r th e update  step . In Dijkstra' s 
algorithm th e pat h wa s restricte d t o th e grap h edges , an d a  grap h verte x wa s update d eac h 
time fro m a n adjacen t vertex . I n fas t marching , becaus e th e pat h ca n pas s throug h th e 
triangular face s o f th e mesh , a  verte x ha s t o b e update d fro m a  triangle , requirin g tw o 
supporting vertices . 
Suppose tha t th e fron t reache s t o X | at time d i an d t o X2 a t time  d2  (Fig 2.4) . Now w e wan t t o 
estimate th e tim e whe n th e fron t arrive s t o X3 . The discretizatio n o f th e Eikona l equation , 
considering a  linear approximation lead s to the following quadrati c equation : 
dl. X'  QX - Id,.  X'  Qd + d'Qd-X =  0 
Where d={di,  d2f  ,  F - {x,,X2)  ,1 = (1,1)^ andQ  =  {V^V)'  ^. 
(2.12) 
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Figure 2.4 Quadrati c equation is satisfied by both n and -n. 
Without going into detail, this entire update step can be summarized i n Algorithm 3. 
• Solv e the quadratic equation and select the largest solution: 
dlX'QX-2dyX'Qd +  d'Qd-1 =  0 
• Comput e the front propagation direction: 
n = V''{d-d,.\) 
• i f QV\<0 
d{x2) = min{d{xi,), d^} 
di =  min{c?i+ ||x i - X3II2, d2+ \\x2 - X3II2} 
Algorithm 3 Fas t marching update. 
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We applied bot h the fas t marchin g metho d an d Dijkstra' s algorith m t o our first case study , 
between tw o arbitrar y points , an d th e result s ar e presente d i n Fig . 2.5 . Th e gree n lin e 
represents Dijkstra's algorithm which results in 2.1098 m and never converges to the red line 
calculated by the fast marching method. The shortest path calculated by FMM is 2.0427 m. 
Figure 2.5 Compariso n between FMM and Dijkstra's algorithm. 
2.3 Isometric embedding 
As w e sai d i n sectio n 2.1 , intrinsi c geometrie s res t unchangeabl e compare d t o isometri c 
deformations. I n orde r t o compar e nonrigi d shape s w e shoul d loo k a t thei r intrinsi c 
geometries. Conside r the shape s in Fig. 2.6 as metric spaces . Shapes (b ) and (c ) belon g to 
the sam e metri c spac e M' . Therefore , w e can measure thei r similarh y usin g th e Hausdorff 
distance, which leads us to a well-known ICP algorithm. Now consider the shapes (a) and (b) 
with the geodesic metrics dx  and dy  respectively. I n this case, we have two different metri c 
spaces {X,dx) and {Y,dy) which cannot be compared using Hausdorff distance . In other words, 
Hausdorff distance is not isometry-invariant . 
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Now, consider the shape {X,dx), and a map like: f:{X,d^) \d „,)  such that: 
d,{x,x')^d^„{f{x).f{x')) (2.13 ) 
for al l x,x'  &X. Ama p lik e / i s a n isometric embedding  and space lik e W"  calle d as 
embedding space. The ter m canonical  form, compute d a s Hausdorff distanc e betwee n the 
minimum distortio n embedding s o f two shape s X and 7  into som e commo n metri c spac e 
{Z,dz), are used as well. In fact, canonica l form i s the extrinsic representation of the intrinsic 
geometry of shape X, and using this, we can transform ou r nonrigid shape similarity into the 
rigid similarit y problem . W e used M ^ (w = 3) as embeddin g space , but this method can be 
generalized t o any embeddin g space . However , th e proble m i s whether a  shape lik e X is 




Intrinsically simila r 
Extrinsically simila r 
{y^d^-iW) 
(c) 
Figure 2.6 Differenc e betwee n intrinsic and extrinsic similarity. 
In rea l worl d applications , th e answer i s usually negative . Recallin g ou r knowledge of 
differential geometry , we know that Gaussian curvature is an intrinsic invariant of a surface. 
As an example, a sphere of radius r has constant Gaussia n curvature which is equal to I/r^. 
At the sam e time, a plane ha s zer o Gaussia n curvature . As a corollary of Gauss'Theorema 
Egregium (Latin: "Remarkabl e Theorem") , a piece of paper canno t be bent ont o a sphere 
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without crumpling. Conversely , the surface o f a sphere cannot be unfolded ont o a flat plane 
without distorting the distances. 
Although a  truly isometri c embeddin g of shap e X is no t alway s possible , w e ca n tr y to 
construct a n approximate representatio n o f X minimizing distortion  as we define d in 
equation (2.1): 
dis / =  su p \d^„.  (/(x), /(x')) - d, (X, X ')| (2.14 ) 
x.x'e.Y 
In ou r poin t clou d setting , wher e th e shap e X  is sample d a t N points {x/,X7 , ...,x,v}, th e 
distortion criteria will be: 
a =  ^ mp^ \d^„ (/(x,), f{Xj)) -  d  ^(x,, x^ )| (2.15 ) 
The function o  which measures the distortion of distances is called stress. As a routine a.^  i s 
used a s the distortio n criterion . Considerin g Z , = fixi) an  Nxm  matri x o f canonica l for m 
coordinates and t/, ^ (Z) = d^^„, (z,, z^): 
afZ;D,)^^\d,fZ)-dfx„x^)f (2.16 ) 
Where Dx  = dx{Xi, Xj)  is a N  xN matri x o f geodesi c distance s an d difZ)  i s th e Euclidea n 
distance between the points on the canonical form. Using this formulation th e coordinates of 
discrete canonical form is the solution of nonlinear least-squares problem: 
Z' =  arg min cr  ^(Z) (2.17 ) 
and the minimization algotithm s known as Multidimensional scaling that are closely related 
to dimensionality reduction. 
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Figure 2.7 Applyin g the SMACOF algorithm to the first case study. 
Elbaz and Kimmel (2003) used a SMACOF algorithm to minimize stress function. I n Annex 
II, we have represented MATLAB codes applied to our first case study. We tried to construct 
an approximate representation of our first case study, minimizing the distortion. Sampling the 
part with 1267 vertices and with 20 iterations, we reduced the stress from 1.87e+ 4 to 168. Fig 
2.7 represents the results of this applied method. In the next section we are going to look at 
some deep aspects of the GMDS algorithm. 
2.4 Generalize d multidimensional scaling 
The ide a i s t o find  th e minimu m distortio n embeddin g o f X  int o Y  whic h allow s u s t o 
quantify th e dissimilarity o f the intrinsic geometries o f two surfaces. Th e lowest achievable 
distance can be demonstrated as embedding distance: 
d,{Y,X)= in f d i s / (2.18 ) 
" /:X-^ K ^  ^ 
Remind the prototype MDS problem with (72 stress as: 
, ^}^,X\'^AZ„Z^)-dAx„x^)f  (2.19 ) 
I '  •  l \ , > y 
Here the minimizer i s the canonical form of the shape X and the minimum is the embedding 
distortion ((72) . In practice, the distortion i s non-zero, but yet i t can be reduced by finding a 
better embedding space . Cox (2000) showed how points of a configuration fro m non-metri c 
MDS can be forced to lie on the surface of a sphere. Replacing the Euclidean geometry of the 
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embedding spac e wit h a  spherical on e usuall y give s smalle r metri c distortion , bu t stil l thi s 
distortion i s not zero . Bronstei n et  al. (2006 ) propose d a  method. Instea d o f embedding X 
and 7  into som e commo n embeddin g spac e Z  tha t introduce d inevitabl e distortions , the y 




iin Y\dy{y\,yf)-d,{x„x^)f  (2.20 ) 
We denot e th e imag e o f x, in 7 as y',.  Th e minimu m stres s valu e measure s ho w muc h th e 
metric o f X should b e distorted in order to fit into 7 . Now ther e is no more nee d t o compar e 
canonical forms an d the dissimilarity i s obtained directl y fro m th e embedding distortion . 
At first  glanc e GMD S seem s lik e a n extraordinary ide a fo r isometri c invarian t surfac e 
matching problems . Bu t i n practice it presents a new se t of challenges. Unlik e the Euclidea n 
or th e spherica l cases , w e have no more closed-for m expressio n fo r dy{y],y'j)  an d metri c 
needs to be approximated a s y', ar e th e optimizatio n variables . Conside r 7  sampled a t YM = 
{y\,---,yM) an d represente d a s a triangular mes h 7'(7A/ ) S O any poin t y\  e  Y^, fall s int o one o f 
the triangles t,  eT {t,  is the triangle index) . Using the convex combination  o f triangle vertice s 
•"•' . . I '  ' ^ ' , , 2 '  •" ' ' , . 3 • 
where u]  +  uf +  w, =1 an d y ' =  (/,, w,) ar e Barycentric  coordinates.  Especiall y fo r 
complicated surfaces , finding  a n accurate continuou s global  parameterizatio n i s probabl y 
impossible, so a local parameterizatio n i s presented, althoug h i t is needed to handl e discret e 
indices t j i n minimizatio n algorithm . Usin g FMM , distanc e term s dx{x„  Xj)  ca n be 
precomputed; th e question i s how to compute distance terms dy{yl,y'j).  Bronstein , Bronstei n 
et al . (2007) propose d th e three point  geodesic  distance  interpolation.  The y precompute d 
{Dy)ij = dy{yi, yfi an d in a four-step approac h showe d that : 
dy{y,y') =  u"Dy{t,t')u (2.22 ) 
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Using the previous equation an d substituting in the generalized O2  stres s function . 






The closed-form solutio n fo r minimizer of cr(uj) is : 






In orde r fo r suc h a  solutio n no t t o b e outsid e th e triangle , th e minimize r shoul d b e s o that , 
M/ > 0  an d u]  +  uf +  wf = 1. Withou t goin g int o detail , th e leas t squar e GMD S ca n b e 
summarized i n Algorithm 4 . 
Initialize {w „ t,} 
•• Fori=X,...,N 
Compute A„ b, and the gradient of the stress function g , =  y a{uf 
Select /  corresponding to max ||g-J | 
Compute minimize r 
u] = arg min (T(W, ) 
u,>0 
• Mov e to adjacent triangle s 
' • Iterat e unti l convergenc e -• » 
Algorithm 4  GM D 
35 
In Figure 2.8 we tried to construct a  simplified representatio n of all the algorithms presented 
until now. The total number of point clouds in two shapes X an d 7  are represented by n and 
m, respectively. D^and Df represent symmetric matrixes of pairwise geodesic distances with 
a,, = 0, calculated by fast marching method. 
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Figure 2.8 Simplifie d representatio n of similarity measure. 
CHAPTER 3 
NONRIGID GEOMETRI C INSPECTIO N 
3.1 Geometr y o f flexible  part s 
Free-state variation  i s a  ter m use d t o describ e par t distortio n afte r th e remova l o f force s 
applied durin g manufacture . Thi s distortio n i s principall y du e t o th e part' s weigh t an d 
flexibility an d th e releas e o f intema l stresse s resultin g fro m fabrication . A  par t o f this kind , 
for example , a  par t wit h a  ver y thi n wall  i n proportio n t o it s diameter , i s referre d t o a s a 
nonrigid par t (ASM E Y14.5) . As a  state o f weightiessnes s i s rarely possible , the shap e o f a n 
assembly componen t i s generall y define d i n the use  state  whe n joined wit h othe r parts . Thi s 
use state defines th e boundar y conditions , which wil l defin e th e constrained geometry . Whe n 
the boundar y condition s ar e applie d t o th e theoretica l free  shape,  th e geometr y o f th e 
assembled componen t i s identica l t o a  CA D mode l an d thi s theoretica l fre e shap e ca n b e 
analyzed wit h finit e elemen t method . Th e actual fre e shap e i s not as the sam e as a theoretical 
free shape , becaus e i t i s no t possibl e t o elaborat e it s exac t geometry ; i t include s geometric 
deviation. 
Two method s ar e define d fo r th e tolerancin g o f flexible  part s accordin g t o IS O 1057 9 an d 
ASME Y14.5 : tolerancin g a t th e free-stat e an d tolerancin g unde r constraints . Thre e 
indications must be taking into consideration : 
1) Conditio n o f boundar y constraints , suc h a s assembl y constraint s and/o r extema l forces , 
including gravity . 
2) Acceptabl e deviation s a t the free-state . 
3) Acceptabl e deviations a t the constrained state . 
The free-state doe s not correspond t o the state of weightlessness whic h w e named fre e shape . 
Besides, i n IS O 10579 , th e positio n o f th e par t i n regar d t o th e directio n o f th e gravit y i s 
clearly define d an d i t i s notable tha t the toleranc e value s ar e greate r i n the free-stat e tha n i n 
the constrained stat e which generall y corresponds to the use state . (Fig 3.1) 
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Figure 3.1 Indicatio n an d interpretation o f ISO 10579 . 
The condition tha t occurs whe n a  cold-worked meta l par t has a tendency t o partially retur n to 
its original shap e i s called spring-back.  This i s because o f the elasti c recovery o f the materia l 
when th e formin g forc e i s released . Thi s severel y affect s th e dimensiona l accurac y o f th e 
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Figure 3.2 Effec t of spring-back during geometrical inspection. 
Levy (1984 ) indicate d tha t Traditiona l trial-and-erro r method s ar e time-consumin g an d 
expensive, while empirical rule-based adjustment s fo r spring-back ar e not usually applicabl e 
to comple x geometrie s o r material s withou t a  larg e databas e o f experience . Non-finite -
element analytica l method s hav e bee n applie d t o spring-bac k i n di e forming , ofte n wit h 
limitations. Nowadays, finite elemen t methods are used for analysing and predicting spring-
back. Du e t o th e fac t tha t Spring-bac k i s sensitiv e t o a  rang e o f materia l an d proces s 
parameters, suc h a s strai n hardenin g ,  evolutio n o f elasti c propertie s ,  elasti c an d plasti c 
anisotropy an d th e presenc e o f a  Bauschinger effec t (Li , Carde n e t al . (2002) ) usin g these 
predicts in geometrical metrolog y may affect th e accuracy o f measurement. The quantity of 
this influence needs additional research. But what is clear is that doing finite element analysis 
for eac h productio n proces s i s relate d t o knowin g th e formin g too l specification . Fo r 
analysing complicate d surface s thi s i s a  ver y time-consumin g process . However , th e 
proposed inspectio n metho d shoul d b e capable o f explaining th e materia l behaviou r durin g 
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registration betwee n free-stat e (poin t cloud ) an d free-shap e (nomina l CA D date ) state s 
effectively. 
As we discussed before, the compliance of a part is determined by the material properties and 
the geometry. Generally speaking, as shown in Fig. 3.3, three zones can be specified. Talking 
about the borders of these areas is a very vague concept, but in general, for the parts in "Zone 
C" the spring-back effect i s negligible in comparison to the gravity effect . 
Figure 3.3 Classificatio n o f rigidity of parts. 
Computer aide d inspectio n method s use d fo r geometri c inspectio n o f part s a t zon e A  are 
based on rigid surface registration algorithms, such as the well-known ICP algorithm. In the 
next tw o section s w e ar e goin g t o develo p a  genera l methodolog y concernin g material s 
belonging to zones C and B, respectively. 
3.2 Identification o f geometrical deviation 
Various computer aided design and analysis softwares allo w the inspector to easily obtain the 
point cloud from a  CAD model. Assuming the availability of a scanned point cloud, our goal 
is to register two clouds of points. Th e first belongs to a CAD model and the second belongs 
to range data obtained i n free-state. Fo r flexible parts and before scanning , one should take 
into consideration the effect o f spatial positioning (par t set-up) in the final geometrical for m 
of scanne d data . Withou t knowin g thi s importan t fac t (gravit y direction) , seriou s error s i n 
results ca n b e predicted . Thus , befor e scanning , th e par t i s set-u p ont o referenc e suppor t 
points i n which thei r position i s clearly define d withi n the part frame . Not e that , the set-u p 
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must not be over constrained, unless otherwise specified accordin g to designer demand (ISO 
10579). I n thi s case , th e sam e constraint s mus t b e take n int o consideratio n durin g finite 
element analysis. 
Let xj,  X2  be th e theoretica l point s obtaine d withi n a  CA D model , an d x[,  x\  th e 
correspondence obtaine d fro m a  finite  elemen t analysi s an d finally  y\,  y\  b e th e 
correspondence of two premier points in range data as shown in Figure 3.4. 
Figure 3.4 Measure d point vs. FEM analysis and CAD data. 
Assuming linearity , for the geometrical deviation, the following equation can be derived: 
X^reatl X^measuredi  X^lheorical] (3.1) 
which [Rmeasured]  =  Xj y'i i s thc gcometrlca l deviatio n betwee n poin t cloud s o f CAD model 
and the measured surface. [Rtheohcai]  =  Xi x', i s resulted from the finite element simulation of 
part i n fi-ee-shape  stat e i n additio n t o gravity . A s mentione d before , th e sam e set-u p 
constraints applie d int o scannin g proces s mus t b e take n int o consideratio n a s boundar y 
conditions. At this stage real geometrical deviation [Rreai]  can be calculated. 
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Correspondence betwee n x,  an d x, ' i s evident ; th e challeng e i s ho w t o find  th e y',  whic h 
corresponds t o x,. Le t X  an d Y  be metri c space s wit h metric s d x and dy ; the first  correspon d 
to a  free-shape CA D mode l an d th e secon d t o scanne d rang e data . Du e to th e fac t tha t x,  and 
yi belon g t o tw o differen t metri c spaces ; similarit y measur e canno t b e compute d usin g 
Hausdorff distanc e algorithm . Remembe r tha t ou r deformatio n i s a  distance- preservin g one , 
that i s to sa y d^,{x^,x^)  =  dy{y],y'^). Thus , ou r goa l i s t o find a  mapping lik e / : X  ^^ Y, b y 
solving the following problem : 
min y\dy{y\,y'  )-d^{x,,x)\  (3.2 ) 
where th e y[  i s th e imag e o f X j i n Y . Th e minimu m stres s valu e measure s ho w muc h th e 
metric o f X shoul d be distorted i n order to fit  into Y. To this end, GMDS ca n be used to find 
the correspondence betwee n simulate d CA D and scanne d cloud s of points. Dx = dx{x„ xj) and 
Dy =  dy{yi,  yj)  ar e th e « x 3 and w  x 3 matri x o f geodesi c distance s compute d b y fas t 
marching metho d i n triangulated surfaces . Note tha t embeddin g proces s d o no t need primar y 
surfaces registratio n ( X an d Y  ar e differen t metri c spaces) . I n thi s case , registratio n wil l b e 
done o n referenc e suppor t point s i n whic h th e positio n i s clearl y define d withi n th e par t 
frame, an d thi s wil l occu r befor e a  geometri c deviatio n calculation . Als o not e tha t a  meshe d 
CAD-model and scanne d workpiec e ma y hav e a  different numbe r o f vertices . In this case , as 
discussed in chapter 2.4, a three point geodesic  distance  interpolation  mus t be applied . 
3.3 Ne w definitio n fo r maximum geometri c deviatio n 
Normally th e maximum  deviation  fo r geometri c inspectio n i s defined a s the distanc e fro m a 
sensed poin t t o th e substitute  element.  Nowaday s a s ther e i s n o similarit y measur e too l 
between the CAD-model an d range data th e computer aided inspectio n softwar e usuall y use s 
the maximu m point-to-surfac e distanc e fo r maximu m deviatio n calculation . GNIF , whic h 
will b e presented i n the nex t two chapters , wil l give u s the capacity t o dea l wit h actua l point -
to-point geometri c deviation . Fi g 3. 5 demonstrate s th e differenc e betwee n th e tw o kind s o f 
geometric deviatio n calculations . Th e blue dimensio n lin e represent s conventiona l geometri c 
deviation and the red one represents actual geometric deviation . 
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Figure 3.5 Actua l and conventional geometric deviation. 
3.4 Numerical inspection fixture 
In today' s industry , fo r geometri c inspectio n o f flexible  parts , inspection  fixtures i n 
combination wit h coordinat e measurin g system s (CMM ) ar e used . Modular  fixturing i s an 
essay for reducing the expensive cost s of dedicated geometri c inspection fixture s (Fig . 3.6). 
The par t i s set-u p o n th e fixture , simulatin g th e us e state . T o thi s end , offse t an d cente r 
locating elements together with CAD designed contour parts and quick clamps are used (Fig. 
3.7). Their duty i s to fix the distorted part s in a manner to eliminate the spring-back effect s 
simulating th e use state . Regardless o f the many essay s abou t the automatio n o f geometri c 
inspection process , 100 % testing o f al l part s i n mass productio n i s impossible . I n spit e o f 
sampling inspectio n (statistica l control ) fo r geometrica l metrolog y o f suc h product , thi s i s 
still a  time-consuming  process . Ou r goa l i s t o substitut e th e conventiona l fixtures  wit h 
numerical ones. 
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Figure 3.6 Dedicate d inspectio n fixture  fo r outer panel . 
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To this end, the part i s set-up onto reference suppor t point s for which the position is clearly 
defined withi n th e par t frame . Thes e points , a s prior i information , wil l b e utilize d a s th e 
boundary condition, where it wil l simulate the gravity and support effect o n the CAD-model. 
The workpiec e i s scanne d i n a  distorte d stat e withou t a  fixation  device . Tw o way s ar e 
possible to find the real geometrica l deviation . The range data , including informatio n abou t 
the assembl y o f th e workpiec e i s processed . Wit h thi s informatio n abou t th e us e state , 
boundary condition s an d th e materia l properties , a  FE M analysi s i s performed . Th e sam e 
gravity directio n i s applied t o a  free-shape CA D model. In other words , we use CAD free -
shape mode l a s a  Numerical Fixture and processed rang e dat a wil l b e fixed on it . The las t 
step i s a  compariso n betwee n fixed  processe d rang e dat a an d numerica l fixtures.  Fo r 
complicated surface s o r surface s wit h reinforce d hidde n rib s whic h ar e unde r scanne d 
surfaces, the segmentation and modeling of range data is as time-consuming as conventional 
methods. Recen t method s hav e bee n previousl y propose d b y Weckenman n an d Gabbi a 


























Figure 3.8 Inspectio n process flowchart. 
45 
Here w e propos e a  secon d measurin g methodology . Instea d o f usin g a  free-shap e CA D 
model a s a virtual fixture  an d modeling the range data (used fo r FE M analysis) , a point clou d 
of scanned dat a wil l be used a s numerical fixture.  Wit h this method ther e i s no need to resor t 
to th e exhaustin g an d time-consumin g modelin g proces s o f rang e data . Pre-processe d 
measured dat a com e togethe r wit h a  free-shap e CAD-model . Not e tha t th e CAD-mode l 
should b e previousl y analysed , applyin g th e gravit y effec t a t th e sam e directio n a s th e 
scanning process (Fi g 3.8) . 
3.5 Generalize d numerica l inspectio n fixture 
In a  previous sectio n w e considere d th e assembl y informatio n a s prio r knowledge . Her e w e 
are going to try without thi s information. T o this end, the part i s set-up onto reference suppor t 
points. As mentioned earlier , the position o f these referenc e point s are clearly define d withi n 
the par t frame . Th e workpiec e i s scanne d i n a  distorte d stat e withou t a  fixation  device . 
Instead o f using a  free-shape CA D model as virtual fixture  an d modeling the range data (used 
for FE M analysis ) a s i n Weckenman n an d Gabbi a (2005) , poin t cloud s o f scanne d dat a wil l 
be use d a s numerica l inspectio n fixtures . I n thi s way , ther e i s n o nee d fo r th e time -
consuming segmentatio n an d modelin g proces s o f rang e data . Preprocesse d measure d dat a 
come togethe r wit h a  preprocesse d CAD-model . Not e tha t th e CAD-mode l shoul d b e 
previously analyzed , applyin g th e gravit y an d suppor t effect s i n th e sam e directio n a s th e 
scanning proces s (Fig . 3.9).Th e transformation s tha t ma p th e preprocesse d CAD-mode l 
towards rang e dat a ca n b e obtaine d b y regula r IC P method . I n practice an d a t thi s stage , we 
put the measuring par t on the inspection fixture.  I n our methodology thi s range data plays the 
role o f inspectio n fixtur e an d w e cal l it : Numerica l inspectio n fixture . Not e tha t th e 
embedding proces s doe s not need primary surfac e registration , s o the similarit y detectio n ca n 
take plac e befor e th e rigi d registration . Th e contou r ca n b e use d fo r mappin g th e 
preprocessed CAD-mode l int o the range data . W e cal l the mappin g whic h i s done by GMD S 
and FEM , Nonrigid finite  elemen t registration . Generalize d multidimensiona l scalin g ca n b e 
used a s isometry-invarian t partia l surfac e matchin g s o ther e i s n o nee d fo r perfec t contou r 
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hypothesis a s in Abenhaim, Taha n e t al . (2009). Defects du e to geometri c deviation can be 
found after finite element nonrigid registration, eliminating the spring-back effect . 
Also of note is tha t the meshed CAD-model and the scanned workpiece may have a different 
number of vertices. Finally , this is notable in that intemal stres s after th e assembly process 
can be predicted with the proposed method. 
Simulation of 
B.C. durin g 
scanning 
















Finite Elemen t 
Nonrogid 
registration 
Figure 3.9 Inspectio n process flowchart using GNIF. 
For large deformations, as the similarity measure only depends on surface intrinsic geometry, 
correspondence betwee n the preprocessed CAD-mode l an d range dat a i s stil l calculable . In 
other words, similarity measur e i s independent fro m amoun t of deformation. Thi s feature i s 
notable especiall y i n hug e part s wit h larg e rang e o f deformations . Th e workpiec e ca n b e 
scanned in a production line or it is indispensable for a fast scanning process. Th e other steps 




We have tested ou r methodology i n a series of typical mechanica l parts . This section present s 
three sampl e cas e studie s tha t evaluat e performanc e an d validat e th e method s develope d i n 
previous sections . T o thi s end , th e free-for m mode l i s simulate d b y CATIA ® an d a  finite 
element analysi s o f the mode l i s done usin g ANSYS® and MATLAB® . Poin t cloud s o f free -
form an d free-stat e ar e simulated wit h a  different numbe r o f vertices to evaluate the geodesi c 
distance interpolation . O n on e hand , i n orde r t o bette r represen t th e underlyin g surfac e 
deviation, w e prefe r th e poin t samplin g t o b e a s dens e a s possible . O n th e othe r hand , w e 
need t o kee p i n min d tha t th e discret e representatio n i s use d b y compute r algorithms , an d 
every additiona l poin t increase s storag e an d computationa l complexit y costs . To thi s en d w e 
have use d Voronoi  tessellation  i n orde r t o represen t th e sample d discret e node s o f (metric ) 
surface. Du e t o th e fac t tha t w e hav e use d th e predefine d deformatio n i n rang e dat a 
generation step , qualitative performanc e evaluatio n i s effectively traceable . W e have divide d 
our cas e studie s i n tw o categorie s fo r th e part s belon g t o zon e 'B ' an d ' C (Figur e 3.3) . 
Overall, the size and engineering propertie s of three case studies i s represented i n Table 1 . 
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Table 1  Overal l size and engineering data. 







Young's modulus = 2e+11 Pa 
Poisson's ratio = 0.3 
Density = 7850 kg/m' 
All dimensions in mm. 
4.1 Geometric inspection in absence of spring-back 
In this section we assume that a  part i s set up on the reference points wher e the position i s 
clearly defined withi n the part frame. Then, the part is scanned in a distorted maimer without 
any fixation . A  free-shap e CA D mode l i s processed applyin g gravit y an d othe r boundar y 
conditions suc h a s suppor t positions , much lik e i n the rea l measurin g process . W e assume 
that the workpiece belong s to the zone ' C whic h means the part i s flexible enough s o that 
the spring-back effec t i s negligible. The similarity measur e i s calculated usin g GMDS. The 
primary nonrigi d registratio n i s don e usin g th e sam e referenc e point s a s i n th e setu p 
procedure. Then the geometrica l deviation s are identified usin g the equation (3.1) . We have 
tested this methodology wit h two mechanical part s shown in Fig. 4.1 and Fig. 4.2. Only the 
maximum geometric deviation is presented. The results are presented i n Tables 2 and 3. For 
better visualization , a  sample d tessellate d sectio n o f th e par t i s illustrate d i n Fig . 4.3 . 
Geodesic distance interpolation enables us to accurately measure the similarity between CAD 
and scanned data. Ther e is still no exact nodal correspondence. 
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Figure 4.1 Firs t case study. 





r—:;9^^^^9^H K^^fei^^^S ^ 
^^d4*=^^^> SH^ v'-V-^TJ^ 
J^^L^ 
*^^-^-w-,.^bjS^^^^ 1 
, / •1>|M|^^HHB | 
S^ K 
^^ "^  
'^ 
\ 
-; ^  
g^yxj "^ 
^^s ^H 
^ ^ ^ ^ ^ ^ ^ M 
Figure 4.3 Similarit y measure between the CAD models 
and range data. 
Table 2 Numerica l fixture verificatio n 
(1 st case study) 
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Table 3 Numerica l fixture verification 
(2nd case study) 
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Considered as reference value 
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4.2 Inspection results with GNIF 
The ai m o f thi s sectio n i s t o generaliz e wha t w e hav e don e i n previou s sections . 
Furthermore, we consider the spring-back effect i n the geometric inspection of flexible parts. 
To thi s end , th e par t i s setu p i n referenc e point s an d scanne d i n distorte d manner . Th e 
predefined spring-bac k wa s added to the same case studies as in previous sections . A more 
sophisticated one , such as Fig 4.4, was generated. Th e same methodology a s in the section 
3.5 was applied. The transformations tha t map the preprocessed CAD-mode l towards range 
data wer e obtaine d b y a  regula r IC P method . A  nonrigi d finit e elemen t registratio n wa s 
applied findin g th e correspondenc e betwee n th e CAD-mode l an d rang e dat a o n bot h th e 
contour areas . We remember tha t a  GMDS i s capable o f isometry-invarian t partia l surfac e 
matching. Thi s mean s tha t th e contou r matchin g ca n b e safel y don e i n th e existenc e o f 
deviation i n the contour . The results ar e shown in Table 4 . I t should b e mentioned tha t we 
have used a meshed CAD-model and range data with a different numbe r of vertices. But for 
the process of computational speed both of them were sampled by Voronoi tessellation. 
Figure 4.4 Thir d case study. 
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Table 4 GNI F verificatio n 
f case  study 2"''  case study 3''''  case study 
Rmax\y{m]{^\Q-') Rmax\y[m\{^\(i-')  i?„ax| z M (xlO"' ) 
0.96 (548 , 129)* 0.8 9 (485,139) 0.9 1 (889, 93) 
1.29(1267,218) 1.29(1359,257 ) 1.10(1164,170 ) 
1.3127 1.3 5 1.4 2 
•GNTF-Results" 
gl|Ia|ajpurn predefine d 
, > V ,i  X 
The values between parentheses represent the part and contour sampled points respectively. 
*' Considered as reference value. 
CONCLUSION 
Including part  compliance  wit h intrinsic  geometry  of  surface  i n metrolog y o f free-for m 
surfaces i s an are a o f research pioneered i n this paper. W e merged th e technologie s i n metri c 
and computationa l geometr y alon g wit h statistic s an d finite  elemen t method s t o develo p a 
general approac h t o th e geometrica l inspectio n o f nonrigi d parts . Thi s metho d enable s u s t o 
verify a  diverse range of flexible  part s without usin g special inspectio n fixtures.  Althoug h w e 
have trie d t o presen t convincin g results , no metho d wit h suc h promis e i s likely t o b e widel y 
accepted unti l mor e practica l testin g ca n b e done . Despit e th e fac t tha t th e propose d GNI F 
method i s quit e efficient , ther e i s plenty o f work t o d o fo r futur e computationa l speedu p an d 
accuracy. A s a  matter o f fact , th e propose d metho d i s not a  perfect an d faultles s substitutio n 
for inspectio n fixtures  an d CM M reports . However , i n real-tim e application s i t can be use d 
for variationa l contro l o f production line s so there wil l be no more nee d to stop production t o 
test a workpiece. 
Comparison o f methods 
As a  matter o f fact , littl e researc h ha s bee n don e i n th e field  o f compute r aide d inspectio n 
comparing CAD/CAM , especiall y i f the discusse d field  i s nonrigid inspection . Th e witnes s 
claim i s th e amoun t o f softwar e i n th e competitiv e computer - aide d market . Generall y 
speaking, an d a s show n i n th e revie w o f previou s research , thre e distinguishe d researc h 
projects hav e been complete d i n the field of nonrigid inspection . 
In spit e o f th e wor k don e a t th e Universit y o f Erlangen-Niimber g b y Weckenman n et  al. 
(2005), ou r metho d doe s no t nee d t o transfor m th e scanne d dat a int o a  CAD-model . Fo r 
parts wit h varyin g thicknes s thei r metho d i s particularl y useless . Assumin g unifor m 
thickness, the reverse engineerin g modelin g o f point clouds i s a  completely borin g an d time-
consuming process. 
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The propose d metho d b y Lartigu e et  al.  (2006 ) a t LURP A (Laboratoir e universitair e d e 
recherche e n productio n automatise e /  universit e d e Paris ) use s th e sam e setu p point s a s i n 
the scannin g proces s i n rigi d registratio n stages . Thei r propose d metho d doe s no t conside r 
spring-back effect . Thi s i s expected fo r reall y flexible  material s (Zone 'C' ) bu t the problem i s 
that the nature o f SDT is not suitabl e fo r larg e deformations . 
Iterative displacemen t inspectio n method , develope d a t th e Ecol e d e technologi c superieur e 
(ETS) b y Abenhai m et  al.  (2009 ) include s th e vas t limitations . Continuit y (surfac e withou t 
holes, etc . . .) , thickness uniformity , an d flawless  boundarie s ar e the essentia l prerequisite s o f 
this propose d method . Th e majo r flaw  i n thi s metho d i s hidde n i n th e fac t tha t th e metho d 
strongly depend s o n finding  som e trial s an d prio r flexibility  parameter s whic h ma y var y 
according t o thickness . Th e mentione d limitation s caus e th e ID I t o b e inefficien t i n rea l 
engineering applications . 
Limitations o f GNI F 
In the proposed inspectio n methodology , an d fo r a  ful l proces s automatization , w e use d th e 
contour fo r nonrigid , isometry-invariant , surfac e matching . I n fact , thi s i s th e onl y wa y t o 
proceed whe n ther e i s n o prio r knowledg e o f assembl y joints an d areas . Thi s i s not wha t t o 
expect fo r a  vas t rang e o f engineerin g applications . Fo r mor e crucia l results , prio r 
information i n assembly joints i s needed. I n production lines , and fo r eac h serie s of products, 
this informatio n i s available , i n spit e o f wha t i s propose d b y Weckenman n an d Gabbi a 
(2005), full automatizatio n o f the inspection process i s still available . 
Contributions 
The significant contribution s mad e by this thesis include the following : 
1) A  comprehensive syste m wa s developed fo r th e nonrigid geometri c inspectio n o f flexible 
parts. Bibliographica l researc h show s tha t w e ar e th e first  t o includ e th e intrinsi c 
geometry o f surface i n the metrology o f flexible  parts . 
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2) Tw o methodologie s fo r dealin g wit h flexible  materia l inspectio n wer e proposed , 
implemented an d tested. The results were very promising . 
3) Rea l engineerin g cas e studie s includin g holes , radiuses , chamfer s an d shar p edge s wer e 
performed. Th e parts , a s well  a s rang e data , wer e meshe d wit h differen t meshin g 
strategies involvin g a  differen t numbe r o f vertices . I n thi s way , w e wer e assure d tha t 
there i s n o exac t correspondenc e betwee n th e vertice s i n a  CAD-mode l an d rang e data . 
The then proposed methodologie s wer e applied to these case studies . 
4) Unlik e th e usual , w e mappe d th e CAD-mode l int o rang e data . A s th e mappin g betwee n 
the rang e dat a an d CAD-mode l wa s bijective-distance-preserving , ther e wa s n o mor e 
need to transform th e point cloud into a computer aide d analyzable mode l whic h i s a very 
time-consuming process . 
5) Larg e deformation s ar e completel y normal , especiall y fo r hug e part s suc h a s automobil e 
and aircraf t bodies . Wher e appropriate , larg e deformation s wer e include d int o th e cas e 
studies. Generalize d numerica l inspectio n fixtures  wer e implemente d an d tested . Th e 
results were encouraging . 
6) Unlik e th e method s presente d b y othe r author s usin g a n embeddin g process , t o find  th e 
similarity betwee n a  CAD-model an d range data (two different metri c spaces) , there i s no 
need fo r primar y surfac e registration . Thi s reall y speed s u p th e measurin g process , 
especially when we have prior information abou t the assembly process . 
7) On e of the significant specification s o f generalized numerica l inspectio n fixture s wer e the 
capability fo r isometry-invarian t partia l surfac e matching . Thi s mean s tha t contou r 
matching can be safely utilize d i n the existence contour deviation . 
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8) I t i s o f not e tha t tha t th e presente d metho d i s capabl e o f predictin g th e produce d stres s 
during th e assembl y process . Thi s stres s ca n b e considerabl e fo r larg e deformation s an d 
should be taken into account i n some applications . 
9) Th e presented metho d fo r the identification o f geometric deviatio n enable d u s to define a 
new interpretation fo r maximum geometri c deviation . 
RECOMMENDATIONS 
A ne w metho d ha s bee n develope d an d presente d fo r th e geometri c inspectio n o f flexible 
parts usin g generalized  numerical  inspection  fixture.  Severa l topic s tha t shoul d b e 
investigated furthe r aros e durin g the course o f this research. The mos t promisin g o f them ar e 
briefly describe d i n this section. Future work in this area should expan d and further verif y th e 
new method. 
1) Th e GNIF method ha s been presente d an d verifie d i n thi s pape r usin g th e case studie s i n 
real engineerin g applications . Futur e wor k shoul d develo p mor e accurat e geodesi c 
distance calculation i n discrete domains,  especiall y i n the algorithm's updat e stage . 
2) Althoug h i n this pape r w e used th e intrinsi c geometr y o f surfaces fo r similarit y measure s 
between discret e topologies , othe r method s lik e th e Coherent  Point  Drift  algorith m 
should be verified a s similarity measures . 
3) Wit h mode m technologie s suc h a s lase r scanners , million s o f point s presentin g th e 
surface topolog y ar e accessible . Thi s mean s tha t th e simpl e Dijkstraalgorith m i n graph s 
may giv e th e closes t result s i n compariso n wit h th e fas t marchin g method . Thi s i s 
something that requires further research . 
4) Thi s wor k ca n b e criticize d becaus e w e deal t wit h noiseles s data . I t i s eviden t tha t th e 
noise wil l affec t th e propose d method . Thi s effect , a s wel l a s th e effec t o f th e divers e 
smoothing methods , should be studied i n depth. 
5) Furthe r deepenin g o f thi s researc h woul d involv e studyin g measurin g uncertaint y an d 
classifying i t with surface extrinsi c geometry . 
6) Actually , thi s stud y ma y b e criticize d relentlessl y du e t o a  lack o f practica l experiments . 
In spit e o f th e fac t tha t w e trie d t o presen t persuasiv e results , especiall y fo r th e secon d 
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methodology (GNIF) , ther e i s n o equivalen t metho d fo r compariso n an d accurat e 
assessment. Futur e wor k shoul d expan d an d verif y ou r presente d method s wit h practica l 
tests. 
7) Finall y w e not e tha t th e sam e numerica l framewor k ca n b e use d fo r computin g for m 
geometrical tolerance s (H.R. E and S.A.T. , unpublishe d results) . 
ANNEX I 
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geometry," in Proceedings of  the CSME forum 2010  Victoria , 2010 . 
2) H . R . Esfahlan , J . F . Chatelai n an d S . A . Tahan , "Nonrigi d geometri c metrolog y usin g 
generalized numerica l inspectio n fixture,"  Precisio n Engineering, 2010, ''Unpublished". 
ANNEX II 
SMACOF algorith m 
%% Demons t ra t io n o f m u l t i d i m e n s i o n a l s c a l i n g u s in g SMACO F 
a l g o r i t h m 
load lst__case_stud y 
% embeding usin g SMACO F 
XO = [surface_x.X,surface_x.Y,surface_x.Z] ; 
[X_smacof , hist_smacof ] = smacof(surface_x.D,XO) ; 
% shows the results at each iteratio n 
for k  = 1:length(hist_smacof.time), 
trisurf(surface_x.TRIV,hist_smacof.X{k}(:,1),hist_smacof.X{k}( 
: ,2) ,hist_smacof.X{k} ( :,3)); 
axis image ; shadin g flat ; lighting phong ; camlight head ; 
pause (0.1); 
end 
%% SMACOF algorith m 
function [X,hist ] = smacof(D,XO) 
iter = 20; %  number of iterations i n SMACOF method 
% initializ e 
i i  = 1; 
Z = XO; 
X = XO; 
D_ = squareform(pdist(X,'euclidean')); 
% initialize histor y 
hist.s(l) =  calc_stress(XO, D) ; 
hist.X{l} =  XO; 
fprintf(1,'iter stres s tim e (sec)\n' ) 
fprintf (1, 'INIT %12.3 g \n' , hist.s(l) ) 
while (il l <= iter) , 
t = cputime; 
B_ = calc_B(D_,D) ; 
X = B_*Z/size(D,l) ; 
D =  squareform(pdist(X,'euclidean' 
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S = calc_S (D,D_) ; 
Z = X; 
% add history 
hist.time(iii) = cputime-t; 
hist.s(iii) = calc_stress(X,D); 
hist.X{iii} = X; 
fprintf (1, '%4d %12.3 g %10.3g\n' , 
iii,hist.s(iii),hist.time(iii)) 
iii = iii+1; 
end 
%% Sub-functions 
% compute the stress 
function [S ] = calc_stress (X,D ) 
D_ = squareform(pdist(X,'euclidean')); 
S =  calc_S (D , D_); 
return 
function [S ] = calc_S (D,D_ ) 
d = triu( (D - D_) .-^ 2,1) ; 
S = sum(d(: ) ) ;. 
return 
function [B ] = calc_B (D_,D ) 
B = zeros(size(D)); 
i = find(D_(:) ~= 0); 
B(i) = - D(i)./D_(i); 
B = B - diag(diag(B)); 
d = sum(B); 
B = B - diag(d); 
return 
ANNEX III 
Hausdorff distance algorithm 
We hav e submitte d th e followin g cod e int o MATLAB' s File  Exchange  toolbars . Th e 
algorithm computes the Hausdorff distance between two point clouds and is accessible at the 
following address: 
http://www.mathworks.com/inatlabcentral/fileexchange/27905-hausdorff-distance 
%% Hausdorff Distance : Compute the Hausdorff distanc e betwee n 
two point clouds. 
% Let A and B be subsets of a metric spac e (Z,dZ) , 
% The Hausdorff distanc e between A and B, denoted by dH (A, 
B), i s defined by: 
% dH (A, B)= max{sup dz(a,B) , su p dz(b,A)}, for all a in A, b 
in B, 
% dH(A, B) = max(h(A, B),h(B , A)) , 
% where h(A, B) = max(min(d(a, b))), 
% and d(a, b) is a L2 norm. 
% dist_H = hausdorff( A, B ) 
% A: First point sets . 
% B: Second poin t sets . 
% ** A and B may have different numbe r of rows, but must hav e 
the same number of columns. ** 
function [dist ] = hausdorff(A, B) 
if(size(A,2) ~ = size(B,2)) 
fprintf ( 'WARNING: dimensionality must be the same\n 
dist = []; 
return; 
end 
dH = max(compute_dist(A, B) , compute_dist(B , A)) 
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%% Compute distanc e 
function[dist] = compute_dist(A, 
m = size(A, 1); 
n = size(B, 1); 
dim= size(A , 2); 
for k = l: m 
C = ones(n, 1 ) * A(k, : ) ; 
D = (C-B ) . * (C-B) ; 
D = sqrt(D *  ones(dim,1)); 
dist(k) = min(D); 
end 
dist = max(dist); 
ANNEX I V 
GLOSSARY 
Bijection a  map that i s surjective an d infective.  Bijectiv e map s have an inverse . 
Free shape corresponds to CAD-model i n absence o f gravhy and assembly constraints . 
Free-state variatio n i s a  ter m use d t o describ e distortio n o f a  par t afte r remova l o f force s 
applied during manufacture . 
Geodesic i s a locally length-minimizin g curve . 
Hausdorff spac e a  topological  space  {X,  T),  i n whic h fo r ever y distinc t x,  y,  ther e exis t 
disjoint ope n set s U,V  eT  suc h that xeU  an d yeV. 
Injection (one-to-on e map ) a  ma p / : X  — > 7 associatin g distinc t argumen t t o distinc t 
values, such that / (x , ) =  /(x^) implie s x, =  x, fo r al l x, , x^  e X . 
Intrinsic geometr y generi c name for propertie s of a Riemamiian manifold, expressibl e i n 
terms of the distance structure . 
Isometric embeddin g a  distance-preserving map . 
Isometry bijective  distance-preservin g map . 
Metric space (denoted b y {X. dx))  a  space X equipped wit h a  metric dx-
Nonrigid finit e elemen t registratio n i s the mapping o f CAD-model int o range data which i s 
done by GMDS an d FEM . 
Surjection (ont o map ) a  m a p / : 2 f - > f , whos e rang e span s th e whol e codomain , i.e. , 
f{X)^Y. 
Symmetric matri x a  square matrix A  satisfying A  =  A. 
Topological spac e denoted by {X,  7) is a space A'equipped with a  topology T 
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